Statement of results
Let K be a field with char(K) = 2. Let us fix an algebraic closure K a of K. Let us put Gal(K) := Aut(K a /K). If X is an abelian variety of positive dimension over K a then we write End(X) for the ring of all its K a -endomorphisms and End 0 (X) for the corresponding (semisimple finite-dimensional) Q-algebra End(X) ⊗ Q. We write End K (X) for the ring of all K-endomorphisms of X and End 0 K (X) for the corresponding (semisimple finite-dimensional) Q-algebra End K (X) ⊗ Q. The absolute Galois group Gal(K) of K acts on End(X) (and therefore on End 0 (X)) by ring (resp. algebra) automorphisms and
since every endomorphism of X is defined over a finite separable extension of K.
If n is a positive integer that is not divisible by char(K) then we write X n for the kernel of multiplication by n in X(K a ). It is well-known [21] that X n is a free Z/nZ-module of rank 2dim(X). In particular, if n = ℓ is a prime then X ℓ is an F ℓ -vector space of dimension 2dim(X).
If X is defined over K then X n is a Galois submodule in X(K a ). It is known that all points of X n are defined over a finite separable extension of K. We writē ρ n,X,K : Gal(K) → Aut Z/nZ (X n ) for the corresponding homomorphism defining the structure of the Galois module on X n , G n,X,K ⊂ Aut Z/nZ (X n ) for its imageρ n,X,K (Gal(K)) and K(X n ) for the field of definition of all points of X n . Clearly, K(X n ) is a finite Galois extension of K with Galois group Gal(K(X n )/K) = G n,X,K . If n = ℓ then we get a natural faithful linear representatioñ
ofG ℓ,X,K in the F ℓ -vector space X ℓ . Recall [29] that all endomorphisms of X are defined over K(X 4 ); this gives rise to the natural homomorphism κ X,4 :G 4,X,K, → Aut(End 0 (X)) and End 0 K (X) coincides with the subalgebra End 0 (X)G 4,X,K ofG 4,X,K -invariants [38, Sect. 1] .
Let f (x) ∈ K[x] be a polynomial of degree n ≥ 3 without multiple roots. Let R f ⊂ K a be the n-element set of roots of f . Then K(R f ) is the splitting field of f and Gal(f ) := Aut(K(R f )/K) is the Galois group of f (over K). One may view Gal(f ) as a group of permutations of R f ; it is transitive if and only if f (x) is irreducible.
1
Let us consider the hyperelliptic curve C f : y 2 = f (x) and its jacobian J(C f ). It is well-known [33] that J(C f ) is a n−1 2 -dimensional abelian variety defined over K. The aim of this paper is to study End 0 (J(C f )), assuming that n = q + 1 where q is a power of a prime p and Gal(f ) = PSL 2 (F q ) acts via fractional-linear transformations on R f identified with the projective line P 1 (F q ). It follows from results of [32, 35, 37] that for every q in all characteristics there exist K and f with End 0 (J(C f )) = Q. On the other hand, it is known that End 0 (J(C f )) = Q [32, 33, 39] if p = 2 and q ≥ 8. (It is also true for q = 4 if one assumes that char(K) = 3 [37] .) However, if q = 5 then there are examples where End 0 (J(C f )) is a (real) quadratic field (even in characteristic zero) [4, 11, 31, 7] .
Our main result is the following statement.
Theorem 1.1. Let us assume that char(K) = 0. Suppose that n = q + 1 where q ≥ 5 is a prime power that is congruent to ±3 modulo 8. Suppose that f (x) is irreducible and Gal(f ) ∼ = PSL 2 (F q ). Then one of the following two conditions holds:
(ii) q is congruent to 3 modulo 8 and
of an elliptic curve with complex multiplication by Q( √ −q).
Remark 1.2.
It follows from results of [14] (see also [28] , [25] ) that if the case (ii) of Theorem 1.1 holds then J(C f ) is isomorphic over K a to a product of mutually isogenous elliptic curves with complex multiplication by Q( √ −q).
The paper is organized as follows. Section 2 contains auxiliary results about endomorphism algebras of abelian varieties. In Section 3 we prove the main result. In Section 4 (and Section 5) we prove the absolute simplicity of J(C f ) when q ≥ 11 is congruent to 3 modulo 8 and K = Q. Section 6 contains examples.
Endomorphism algebras of abelian varieties
Remark 2.1. Recall [8] (see also [34, p. 199] ) that a surjective homomorphism of finite groups π : G 1 ։ G is called a minimal cover if no proper subgroup of G 1 maps onto G. If H is a normal subgroup of G 1 that lies in ker(π) then the induced surjection G 1 /H ։ G is also a minimal cover.
(i) If a surjection G 2 ։ G 1 is also a minimal cover then one may easily check that the composition G 2 → G is surjective and a minimal cover. (ii) Clearly, if G is simple then every proper normal subgroup in G 1 lies in ker(π). (iii) If G is perfect then its universal central extension is a minimal cover [30] . (iv) If G ′ ։ G is an arbitrary surjective homomorphism of finite groups then there always exists a subgroup H ⊂ G ′ such that H → G is surjective and a minimal cover. Clearly, if G is perfect then H is also perfect.
Definition 2.2. We say that K is 2-balanced with respect to X if τ 2,X is a minimal cover. Remark 2.3. Clearly, there always exists a subgroup H ⊂G 4,X,K such that H →G 2,X,K is surjective and a minimal cover. Let us put
and L is a maximal overfield of K that enjoys these properties. It is also clear that
and L is 2-balanced with respect to X.
The following assertion (and its proof) is (are) inspired by Theorem 1.6 of [38] (and its proof).
In addition, the cen-
(ii) Assume that K is 2-balanced with respect to X andG 2,X,K is a non-abelian simple group. If End 0 (X) = E (i.e., not all endomorphisms of X are defined over K) then there exist a finite perfect group Π ⊂ C * X,K and a surjective homomorphism Π →G 2,X,K that is a minimal cover. In addition, the induced homomorphism
is surjective, i.e., C X,K is isomorphic to a direct summand of the group algebra E[Π].
Proof. Since E is a field, C is a subfield of E and therefore End 0 (X) is a central simple C-algebra. Now the assertion (i) follows from Theorem 2 of Sect. 10.2 in Chapter VIII of [5] . Now let us prove the assertion (ii).
Recall that there is the homomorphism
and we get a homomorphism
Assume that E = C X,K , i.e., E coincides with its own centralizer in End 0 (X). It follows from the Skolem-Noether theorem that Aut C (End 0 (X)) = End 0 (X) * /C * . This implies that the group
is commutative. It follows that κ X,4 (G 4,X,K ) is commutative. SinceG 4,X,K is perfect, κ X,4 (G 4,X,K ) is perfect commutative and therefore trivial, i.e., End
The minimality of τ 2,X and the simplicity ofG 2,X,K imply the existence of a minimal cover Γ →G 2,X,K , thanks to Remark 2.1.
Since C X,K is a central simple E-algebra, all its automorphisms are inner, i.e., Aut E (C X,K ) = C * X,K /E * . Let ∆ ։ Γ be the universal central extension of Γ. It is well-known [30, Ch. 2, Sect. 9] that ∆ is a finite perfect group. The universality property implies that ∆ ։ Γ is a minimal cover and the inclusion map Γ ⊂ C * X,K /E * lifts (uniquely) to a homomorphism π : ∆ → C * X,K . Clearly, ker(π) lies in the kernel of ∆ ։ Γ and we get a minimal cover
thanks to Remark 2.1. Taking the compositions of minimal covers π(∆) ։ Γ and Γ ։G 2,X,K , we obtain a minimal cover π(∆) ։G 2,X,K . If we put Π := π(∆) ⊂ C * X,K . then we get a minimal cover Π ։G 2,X,K . The equality (1) means that the centralizer of π(∆) = Π in C X,K coincides with E. It follows that if E[Π] is the group E-algebra of Π then the inclusion Π ⊂ C * X,K
induces the E-algebra homomorphism ω : E[Π] → C X,K such that the centralizer of its image in C X,K coincides with E. We claim that ω(E[Π]) = C X,K and therefore C X,K is isomorphic to a direct summand of E[Π]. This claim follows easily from the next lemma that was proven in [38, Lemma 1.7] Lemma 2.5. Let F be a field of characteristic zero, T a semisimple finite-dimensional F -algebra, S a finite-dimensional central simple F -algebra, β : T → S an F -algebra homomorphism that sends 1 to 1. Suppose that the centralizer of the image β(T ) in S coincides with the center F . Then β is surjective, i. e. β(T ) = S. Theorem 2.6. Suppose that End 0 (X) is a simple Q-algebra,G 2,X,K is a simple non-abelian group, whose order is not a divisor of 2dim(X) and EndG
Then the center C of End 0 (X) is either Q or a quadratic field. In addition, there exists a finite separable field extension L/K such thatG 2,X,L =G 2,X,K , the map τ 2,X :G 4,X,L ։G 2,X,L is surjective and a minimal cover, the Q-algebra
X,L and a surjective homomorphism Π →G 2,X,K that is a minimal cover. In addition, the induced homomorphism
Proof. Choose a field L as in Remark 2.3. ThenG 2,X,L =G 2,X,K , the map
is surjective and a minimal cover. We have
It follows that the rank of the free Z-module End L (X) is 1 or 2; Lemma 1.3 of [38] implies that End L (X) has no zero divisors. This implies that End
Recall that the center C of End 0 (X) is a number field, whose degree [C : Q] divides 2dim(X). The groupG 4,X,L acts via automorphisms on C and
is either Q or a quadratic field. SinceG 2,X,L =G 2,X,K has no normal subgroups of index dividing 2dim(X) , the same is true forG 4,X,L and thereforeG 4,X,L acts on C trivially, i.e., C ⊂ End 0 L (X). In order to finish the proof, one has only to apply Theorem 2.4 ( to L instead of K). Definition 2.7. We say that a group is FTKL-exceptional if it is one of the following:
(i) Sp 2n (q) for some even q and n ≥ 2, except Sp 4 (2) ′ and Sp 6 (2); (ii) Ω ± 2n (F q ) for some even q and n ≥ 4, except Ω
These are exactly the groups of Lie type in characteristic 2 that are listed in the table in Theorem 3 on p. 316 in [15] . Theorem 2.8. Let us assume that char(K) = 0. Suppose that End 0 (X) is a simple Q-algebra with the center C. Suppose thatG 2,X,K is a simple non-abelian group, whose order is not a divisor of 2dim(X) and EndG
in addition, thatG 2,X,K is a known simple group that is not FTKL-exceptional. Suppose also that dim(X) coincides with the smallest positive integers d such that G 2,X,K is isomorphic to a subgroup of PGL(d, C). Then:
0 (X) = C or the following conditions hold: Proof. Using Theorem 2.6 and replacing if necessary K by its suitable extension, we may assume that K is 2-balanced with respect to X, the algebra E := End 0 K (X) is either Q or a quadratic field, C ⊂ E and the following conditions hold.
Either End 0 (X) = E or there exist a finite perfect group Π ⊂ C * X,K and a surjective homomorphism Π →G 2,X,K that is a minimal cover and such that the induced homomorphism
is surjective, i.e., C X,K is isomorphic to a direct summand of the group algebra E[Π]. (Here as above C X,K is the centralizer of E in End 0 (X)).
Assume that End 0 (X) = E. We are going to prove that Π →G 2,X,K is a central extension, using results of Feit-Tits and Kleidman-Liebeck [8, 15] . Without loss of generality we may assume that there is a field embedding K a ֒→ C and consider X as complex abelian variety. Let t X be the Lie algebra of X that is a dim(X)-dimensional complex vector space. By functoriality, this gives us the embeddings
Clearly, only central elements of Π go to scalars under j. It follow that there exists a central subgroup Z in Π such that j(Z) consists of scalars and Π/Z ֒→ PGL(dim(X), C).The simplicity ofG 2,X,K implies that Z lies in the kernel of Π → G 2,X,K and the induced map Π/Z →G 2,X,K is also a minimal cover. It follows from Theorem on p. 1092 of [8] and Theorem 3 on p. 316 of [15] that Π/Z →G 2,X,K is a central extension ofG 2,X,K . Since Π is a central extension of Π/Z, it follows [30] that Π is a central extension ofG 2,X,K . Now notice that t X carries a natural structure of E ⊗ Q C-module. Assume that E = Q, i.e., E is a quadratic field. Let σ, τ : E ֒→ C be the two different embeddings
and t X splits into a direct sum
Suppose that both C σ t X and C τ t X do not vanish. Then the C-dimension d σ of non-zero C σ t X is strictly less than dim(X). Clearly, C σ t X is C X,K -stable and we get a nontrivial homomorphism
that must be an embedding in light of the simplicity of C X,K . This gives us an embedding
. One may easily check that all the elements of Π that go to scalars in Aut C (C σ t X ) constitute a central subgroup Z σ that lies in the kernel of Π →G 2,X,K . This gives us a central extension Π/Z σ ։G 2,X,K that is a minimal cover and an embedding
, Theorem on p. 1092 of [8] and Theorem 3 on p. 316 of [15] provide us with a contradiction. It follows that either C σ t X or C τ t X does vanish. We may assume that C τ t X = 0. This means that each e ∈ E acts on t X as multiplication by complex number σ(e), i.e., j(E) consists of scalars. Recall that the exponential map identifies X(C) with the complex torus t X /Λ where Λ is a discrete lattice of rank 2dim(X). In addition, Λ is j(End K (X))-stable where End K (X) is an order in the quadratic field End 0 K (X). Now the discreteness of Λ implies that E cannot be real and therefore is an imaginary quadratic field. It follows easily that X is isogenous over C to a self-product of an elliptic curve with complex multiplication by E. In particular, E = C and C X,K = End 0 (X). Now let us assume that E = Q. Then C X,K = End 0 (X). Let Y be an absolutely simple abelian variety such that X is isogenous to a self-product Y r for some positive integer r with r | dim(X). Then End 0 (X) ∼ = M r (End 0 (Y )). In particular, the center of the division algebra End 0 (Y ) is Q. It follows from Albert's classification [21] that End 0 (Y ) is either Q or a quaternion Q-algebra.
. It follows that r = dim(X), i.e. Y is an elliptic curve without complex multiplication.
Suppose that End 0 (Y ) is a quaternion Q-algebra. Since dim(Y ) = dim(X)/r and we live in characteristic zero, 2r divides dim(X). Clearly,
and therefore
This implies that Π ֒→ GL(2r, C). It follows that 2r = dim(X), i.e., dim(Y ) = 2. It follows from the classification of endomorphism algebras of abelian surfaces [22, Sect. 6] that End 0 (Y ) is an indefinite quaternion Q-algebra. We may and will assume that End 0 (X) = C. We need to rule out the following possibilities:
(1) dim(X) is even and X is isogenous over K a to a self-product of an abelian surface Y such that End 0 (Y ) is an indefinite quaternion Q-algebra. In particular, End 0 (X) is a d 2 -dimensional central simple Q-algebra. (2) q is congruent to 1 modulo 4 and X is isogenous over K a to a self-product of an elliptic curve with complex multiplication. In particular, End 0 (X) is a d 2 -dimensional central simple algebra over the imaginary quadratic field C unramified at ∞. (3) X is isogenous over K a to a self-product of an elliptic curve without complex multiplication. In particular, End
By Theorem 2.8, there exist a finite perfect group Π and a minimal central cover Π → PSL 2 (F q ) such that End 0 (X) is a quotient of the group algebra E[Π] where E = C is either Q or an imaginary quadratic field. It follows easily that Π = PSL 2 (F q ) or SL 2 (F q ), so we may always view End 0 (X) as a simple quotient
Let D be the simple direct summand of Q[SL 2 (F q )], whose image in the simple Q-algebra End 0 (X) is not zero. We write B ⊂ End 0 (X) for the image of D: it is a Q-subalgebra isomorphic to D. The induced map D → End 0 (X) is injective, because D is a simple Q-algebra. On the other hand, D E = D ⊗ Q E is a direct summand of E[SL 2 (F q )] and the image of D E → End 0 (X) is a non-zero ideal of End 0 (X). Since End 0 (X) is simple, D E → End 0 (X) is surjective. In particular, B generates End 0 (X) as E-vector space and the center of D embeds into the center E of End 0 (X). This implies that the center of D is either Q or isomorphic to E. In addition, if the center of D is isomorphic to E then B contains E, i.e., B is a E-vector subspace of End 0 (X) and therefore coincides with End 0 (X): this implies that End
Assume that the center of D is isomorphic to E. Then End 0 (X) ∼ = D and therefore D is a central simple E-algebra of dimension d
2 . This means that the simple direct summand D of Q[SL 2 (F q )] corresponds to an irreducible (complex) character of SL 2 (F q ) of degree d as in Lemma 24.7 of [6] . These simple direct summands are described explicitly in [13, 9] . In particular, if q is congruent to 1 modulo 4 but is not a square then the center of D is a real quadratic field Q( √ q), which is not the case. This implies that q is congruent to 3 modulo 4: in this case the center of D is an imaginary quadratic field Q( √ −q) and therefore E = Q( √ −q). It follows from Theorem 2.8 that X is K a -isogenous to a self-product of an elliptic curve with complex multiplication by Q( √ −q). Now assume that the center of D is not isomorphic to E. Then it must be Q, i.e., D is a central simple Q-algebra. It follows that D E is a central simple E-algebra and therefore the surjective homomorphism D E → End 0 (X) is injective. It follows that D E ∼ = End 0 (X); in particular, the central simple Q-algebra D has Q-dimension d 2 . As above, this means that the simple direct summand D corresponds to an irreducible (complex) character of SL 2 (F q ) of degree d. Since the center of D is Q, it follows from results of [13, 9] that q is a square, which is not the case. This ends the proof.
Hyperelliptic jacobians
Suppose that f (x) ∈ K[x] is a polynomial of degree n ≥ 5 without multiple roots. Let R f ⊂ K a be the set of roots of f . Clearly, R f consists of n elements. Let K(R f ) ⊂ K a be the splitting field of f . Clearly, K(R f )/K is a Galois extension and we write Gal(f ) for its Galois group Gal(K(R f )/K). By definition, Gal(K(R f )/K) permutes elements of R f ; further we identify Gal(f ) with the corresponding subgroup of Perm(R f ), where Perm(R f ) is the group of permutations of R f .
We write F R f 2 for the n-dimensional F 2 -vector space of maps h :
is provided with a natural action of Perm(R f ) defined as follows. Each s ∈ Perm(R f ) sends a map h :
If n is even then let us define the Gal(f )-module
The canonical surjection Gal(K) ։ Gal(K(R f )/K) = Gal(f ) provides Q R f with a natural structure of Gal(K)-module. It is well-known that the Gal(K)-modules J(C f ) 2 and Q R f are isomorphic (see for instance [23, 24, 33] ). It follows easily that
Let us put X = J(C f ) and G :=G 2,X,K . Then G ∼ = Gal(f ), and the G-modules X 2 and Q R f are isomorphic. We freely interchange these two modules throughout this section.
Example 3.1. Suppose that n = q + 1 where q ≥ 5 is a power of an odd prime p. Suppose that Gal(f ) = PSL 2 (F q ). Assume that that f (x) is irreducible, i.e., Gal(f ) = PSL 2 (F q ) acts transitively on the (q + 1)-element set R f . If β ∈ R f then its stabilizer Gal(f ) β is a subgroup of index q + 1 and therefore contains a Sylow p-subgroup of PSL 2 (F q ). It follows from the classification of subgroups of PSL 2 (F q ) [30, Theorem 6.25 on page 412] and explicit description of its Sylow psubgroup and their normalizers [12, p. 191-192] that that Gal(f ) β is conjugate to the (Borel) subgroup of upper-triangular matrices and therefore the PSL 2 (F q )-set R f is isomorphic to the projective line P 1 (F q ) with the standard action of PSL 2 (F q ) (by fractional-linear transformations), which is well-known to be doubly transitive [20] .
Assume, in addition that q is congruent to ±3 modulo 8. Then it is known [20] that
Theorem 3.2. Suppose that char(K) = 2 and n = q + 1 where q ≥ 5 is a prime power that is congruent to ±3 modulo 8. Suppose that Gal(f ) = PSL 2 (F q ) acts doubly transitively on R f (where R f is identified with the projective line 
Example 4.2. Let G 1 be a finite simple group and G 2 be a finite group that does not admit G 1 as a quotient. If H is a subgroup of G 1 × G 2 that satisfies the conditions of Goursat's lemma, then
is a trivial group, the graph of γ coincides with G 1 /H 1 × G 2 /H 2 , and its preimage H coincides with
is a polynomial of degree n ≥ 5 without multiple roots. Let us consider the hyperelliptic curve C f :
is an irreducible cubic polynomial and let us consider the elliptic curve Y : y 2 = h(x). Let us assume that f (x) and h(x) enjoy the following properties:
(1) Gal(K(R f )/K) = PSL 2 (F q ) for some odd prime power q ≡ 3 mod 8 with n = q + 1, and Gal(K(R f )/K) acts doubly transitively on R f (where R f is identified with the projective line
Proof. First, we prove that K(R f ) and K(R h ) are linearly disjoint over K. Let us put
the Galois group of the compositum of K(R f ) and K(R h ) over K. By Theorem 1.14 of [16] , H can be considered to be a subgroup of G 1 × G 2 , where the Galois restriction maps coincide with restrictions of projection maps p i : G 1 × G 2 → G i , with i = 1, 2, to H. It follows from Example 4.2 that H ∼ = G 1 × G 2 , and K(R f ) and K(R h ) are linearly disjoint over K. The equalities Hom(J(C f ), Y ) = 0 and Hom(Y, J(C f )) = 0 follow from the definitions (s) and (p3) and Theorem 2.5 of [36] . Since for any positive integer r we have Hom(
The following assertion will be proven in Section 5. 
is an irreducible polynomial of degree q + 1 such that Gal(f /K) = PSL 2 (F q ) acts doubly transitively on R f (where R f is identified with the projective line P 1 (F q )). Then J(C f ) is an absolutely simple abelian variety, and End 0 (J(C f )) = Q or a quadratic field.
Proof. Clearly, Q( √ −p) = Q( √ −q). Since p ≡ 3 mod 8, the ring of integers Ø in Q( √ −p) coincides with Z + Zω. If p > 3 let us consider the polynomial
If p = 3 then
and we put
The elliptic curve Y : y 2 = h p (x) is defined over K and its j-invariant coincides with α = j(ω), i.e., Y (C) = C/(Z + Zω). Hence Y admits complex multiplication by Z + Zω = Ø.
The following Lemma will be proven at the end of this Section.
Lemma 4.6. The polynomial h p (x) is irreducible over K and its Galois group
Combining Lemma 4.6 and Theorem 4.3, we conclude that J(C f ) is not isogenous to a self-product of Y . Now the result follows from Theorem 1.1.
Proof of Lemma 4.6 . The case p = 3 is easy. So, further we assume that p > 3. First, check that the discriminant ∆ of h p is not a square in K. Indeed, we have ∆ = 1458 2 α 2 /(α−1728) 3 , so ∆ is a square in K if and only if α−1728 is. According to [1, p. 288] , if p ≡ 3 mod 4, then α is real and negative. Therefore the purely imaginary √ α − 1728 does not lie in the real number field K := Q(α). Now it suffices to check that the cubic polynomial h p is irreducible. Suppose that this is not the case, i.e., h p has a root in K. This means that Y has a K-rational point of 
Since h < 3h, we obtain the desired contradiction. Proof. Let us put
Since simple non-abelian PSL 2 (F q ) does not have a subgroup of index 2,
Since PSL 2 (F q ) is perfect and KQ(
we conclude that
acts doubly transitively on R f . In order to finish the proof, one has only to apply Corollary 4.5.
Proof of Theorem 4.4
There is a positive integer k such that p = 8k+3. It follows that ω 2 +ω+(2k+1) = 0. This implies that the 4-element algebra Ø/2Ø contains a subalgebra isomorphic to the finite field F 4 and therefore coincides with F 4 . This means that (2) is prime in Ø. So, this proves (i).
Suppose that b is a proper Ø 2 -ideal in Q( √ −p) and a := Øb. Clearly, 2a ⊂ b ⊂ a. Since a and 2a are Ø-ideals, b does coincides neither with a nor with 2a. Since 2a has index 4 in a, the group b has index 2 in a and 2a has index 2 in b. This proves (ii). Now, suppose that a is a fractional Ø-ideal in Q(
If b is an Ø-ideal then the unique factorization of Ø-ideals and the fact that (2) is prime imply that either b = a or b = 2a. So, if b has index 2 in a, it is neither a nor 2a and therefore is not an Ø-ideal.
On the other hand, it is clear that Øb ⊂ a and 2Øb ⊂ 2a ⊂ b and therefore b is a proper Ø 2 -ideal. This proves the first assertion of (iii). We have b ⊂ Øb ⊂ Øa = a but b = Øb. Since the index of b in a is 2, we conclude that Øb = a. This proves the second assertion of (iii).
Since a is a free commutative group of rank 2, it contains exactly three subgroups of index 2. Let b 1 and b 2 be two distinct subgroups of index 2 in a. We have Øb 1 = a = Øb 2 .
Suppose that b 1 and b 2 are isomorphic as Ø 2 -ideals. This means that there exists a non-zero λ ∈ Q( √ −p) such that λb 1 = b 2 . It follows that λa = a and therefore λ is a unit in Ø. Since p > 3, we have λ = ±1 and therefore b 2 = b 1 . This proves the last assertion of (iii).
The assertion (iv) follows easily from (ii) and (iii). (It is also a special case of Exercise 11 in Sect. 7 of Ch. II in [2] and of Exercise 4.12 in Section 4.4 of [27] ). According to Table 10 of the Appendix in [19] , Gal(f 11,S /Q(S)) = PSL 2 (F 11 ). It can be verified using MAGMA [3] that when s = m/n for any nonzero integers −5 ≤ m, n ≤ 5, then Gal(f 11,s /Q) = PSL 2 (F 11 ). Consider the hyperelliptic curve with T = 1/(39S 2 + 1) then again [19] we have Gal(f 13,S /Q(S)) = PSL 2 (F 13 ). Similarly, we checked using MAGMA that when s = m/n for any nonzero integers −5 ≤ m, n ≤ 5, then Gal(f 13,s /Q) = PSL 2 (F 13 ). If we define C 13,s : y 2 = f 13,s (x) over Q, then by Theorem 2.8 the 6-dimensional abelian variety J(C 13,s ) is absolutely simple. As an example, take s = −1 to get the hyperelliptic curve See [18] for other examples of irreducible polynomials over Q(T ) of degrees n = p + 1 with p = 11, 13, 19, 29, 37, whose Galois groups are isomorphic to PSL 2 (F p ). These polynomials can be used in a manner similar to that of Examples 6.1 and 6.2, in order to construct examples of absolutely simple abelian varieties over Q of dimensions 5, 6, 9, 14, 18 respectively, whose endomorphism algebra is either Q or a quadratic field.
